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This short note is devoted to prove the following 
Theorem. Let X be a topological space, f, g: X-* ~ continuous functions. Then f is 
strictly positive on g- 1(0) if and only if there exist continuous functions u, v and w 
such that 
l+w2+g.u  
f= 1+o 2 
Proof. Obviously we need only prove the 'only if' direction. Let A be the ring of 
all real-valued continuous functions on X. A prime cone of A is a subset aCA such 
that: a+aCa,  a.  aCa ,  aO( -a )=A and the support of a, supp(a)=at ' l ( -a )  is 
a prime ideal of A. The real spectrum SpecR A of A is the set whose points are the 
prime cones of A. As usually (see [2] and [3] for general facts about the real spec- 
trum of a ring), given h~A and aeSpecRA we denote by h(tr) the image of h 
under the canonical map from A into the real closure of the quotient field of 
A/supp(a) with respect o the ordering induced by t~. Consequently, we write 
h(a)=O (resp. h(a)_>0, resp. h(a)<0) instead of hesupp(a)  (resp. het~, resp. 
hea).  
Now, suppose f strictly positive on g-1(0) and write 
Z(g)= {ot¢SpecRA: g(a)=O}, H(f)= {ot¢SpecRA: f(ot)>O}. 
We claim Z(g)CH0r). Assume by the way of contradiction that we have ae  
SpecRA with g(a)=0,  f(a)<_O. Let us denote by Ifl the absolute value of f. If 
f (a)+ I f l (a)=0 we have h=g2+f+ Ifl e suplRa) and so it is not a unit in A. Thus 
there exists a ¢ X, h (a) = 0, i.e., g(a) = 0, f(a) _ 0. This is absurd. If f(a) + Ifl(a) ~ 0 
we deduce f (a )  - Ifl(a) =0 because ( f+ I f l ) ( f - I f l )  =0. Since Ifl e/12 C a, we have 
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f(a)f(f(a)-]fl(a))+ Ifl(a)>-o. But our assumption says f(a)_<O, i.e., f(a)=O. 
This together with f (a ) - I f l (a )=0 gives f (a )+ Ifl(a)=0. Contradiction. 
Using the abstract positivstellensatz for real spectra ([1, p. 102] or [3, Theorem 
7.4]) we deduce from Z(g)cH( f )  the existence of two sums of squares t and t' in 
A such that (1 +t ) f - (1  +t ' )~g.A .  But sums of squares in A are also squares. If 
t=v  2 and t '=w 2 we obtain the desired equality. 
Remark. Given a semialgebraic subset S of some R n, the continuous emialgebraic 
functions over S are those continuous functions f :  S-,  R (usual topology) whose 
graph is a semialgebraic subset of IR n+ i. The theorem (and proof) above holds 
clearly for continuous emialgebraic functions over S. 
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